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Selective Filtering
• The filters discussed in the previous sections operate over the entire frequency rectangle. 

• There are applications in which it is of interest to process specific bands of frequencies or small regions of 
the frequency rectangle. 

• Filters that process specific bands are called band filters. 

• If frequencies in the band are filtered out, the band filter is called a bandreject filter;

• Similarly, if the frequencies are passed, the filter is called a bandpass filter. 

• Filters that process small regions of the frequency rectangle are called notch filters. 

• These filters are further qualified as being notch reject or notch pass filters, depending on whether
frequencies in the notch areas are rejected or passed.
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Bandreject and Bandpass Filters
• Bandpass and bandreject filter transfer functions in the frequency domain can be constructed by 

combining lowpass and highpass filter transfer functions, with the latter also being derivable from lowpass 
functions.

• In other words, lowpass filter transfer functions are the basis for forming highpass, bandreject, and 
bandpass filter functions. 

• Furthermore, a bandpass filter transfer function is obtained from a bandreject function in the same 
manner that we obtained a highpass from a lowpass transfer function:

𝐻𝐵𝑃 𝑢, 𝑣 = 1 − 𝐻𝐵𝑅 𝑢, 𝑣

• As seen in the below figure, ideal bandreject filter (IBRF) transfer function consists of an ILPF and an 
IHPF function with different cutoff frequencies. 

• When dealing with bandpass functions, the parameters of 
interest are the width, 𝑊, and the center, 𝐶0, of the band.

• An equation for the IBRF function is easily obtained by 
inspection from figure:

𝐻𝐼𝐵𝑅𝐹 𝑢, 𝑣 = ቐ0 if 𝐶0 −
𝑊

2
≤ 𝐷 𝑢, 𝑣 ≤ 𝐶0 +

𝑊

2
1 otherwise
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Bandreject and Bandpass Filters
• The key requirements of a bandpass transfer function are: 

• (1) the values of the function must be in the range [0,1];

• (2) the value of the function must be zero at a distance 𝐶0 from the origin (center) of the function;

• and (3) we must be able to specify a value for 𝑊.

• Clearly, the IBRF function just developed satisfies these requirements.
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Bandreject and Bandpass Filters
• On the other hand, adding lowpass and highpass transfer functions to form Gaussian and Butterworth 

bandreject functions presents some difficulties.

• For example, below figure shows a bandpass function formed as the sum of lowpass and highpass Gaussian
functions with different cutoff points. 

• Two problems are immediately obvious: we have no direct control over 𝑊, and the value of 𝐻 𝑢, 𝑣 is not 0 at 
𝐶0.

• We could offset the function and scale it so that values fall in the range [0,1],

• but finding an analytical solution for the point where the lowpass and highpass Gaussian functions intersect 
is impossible.
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Bandreject and Bandpass Filters
• Fortunately, instead of adding lowpass and highpass transfer function, an alternative is to modify the expressions 

for the Gaussian and Butterworth highpass transfer functions so that they will satisfy the three requirements 
stated earlier. 

• We illustrate the procedure for a Gaussian highpass function.

𝐻 𝑢, 𝑣 = 1 − 𝑒
−
𝐷2 𝑢,𝑣

2𝐷0
2

• In this case, we begin by changing the point at which 𝐻 𝑢, 𝑣 = 0 from 𝐷 𝑢, 𝑣 = 0 to 𝐷 𝑢, 𝑣 = 𝐶0.

𝐻 𝑢, 𝑣 = 1 − 𝑒
−
𝐷 𝑢,𝑣 −𝐶0

2

𝑊2

• A plot of this function shows that, below 𝐶0, the function behaves as a lowpass Gaussian function, at 𝐶0 the function 
will always be 0, and for values higher than 𝐶0 the function behaves as a highpass Gaussian function.

𝐶00

• Parameter 𝑊 is proportional to the standard deviation 
and thus controls the “width” of the band. 

• The only problem remaining is that the function is not 
always 1 at the origin.
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Bandreject and Bandpass Filters
• A simple modification of the previous equation removes this shortcoming:

𝐻 𝑢, 𝑣 = 1 − 𝑒
−
𝐷2 𝑢,𝑣 −𝐶0

2

𝐷 𝑢,𝑣 𝑊

2

• Now, the exponent is infinite when 𝐷 𝑢, 𝑣 = 0, which makes the exponential term go to zero and 𝐻 𝑢, 𝑣 = 1 at the origin, 
as desired.

• In this modification, the basic Gaussian shape is preserved, and the three requirements stated earlier are satisfied. So, 
the last equation can be used as Gaussian bandreject filter transfer function:

𝐻𝐺𝐵𝑅𝐹 𝑢, 𝑣 = 1 − 𝑒
−
𝐷2 𝑢,𝑣 −𝐶0

2

𝐷 𝑢,𝑣 𝑊

2

• A similar analysis leads to the form of a Butterworth bandreject filter transfer function shown below:

𝐻𝐵𝐵𝑅𝐹 𝑢, 𝑣 =
1

1 +
𝐷 𝑢, 𝑣 𝑊

𝐷2 𝑢, 𝑣 − 𝐶0
2

2𝑛



EE454 – Digital Image Processing
Dr. Adem Ükte

8

Bandreject and Bandpass Filters
Below figure shows perspective plots of the filter transfer functions just discussed.

Perspective plots of (a) ideal, (b) modified Gaussian, and (c) modified Butterworth (of order 1) bandreject filter 
transfer functions. All transfer functions are of size 512x512 elements, with 𝐶0 = 128 and 𝑊 = 60.
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Notch Filters
✓ Notch filters are the most useful of the selective filters.

✓ A notch filter rejects (or passes) frequencies in a predefined neighborhood of the frequency rectangle.

✓ Zerophase-shift filters must be symmetric about the origin (center of the frequency rectangle), so a notch filter 
transfer function with center at 𝑢0, 𝑣0 must have a corresponding notch at location −𝑢0, −𝑣0 .

✓ Notch reject filter transfer functions are constructed as products of highpass filter transfer functions whose 
centers have been translated to the centers of the notches. The general form is:

𝐻𝑁𝑅 𝑢, 𝑣 =ෑ

𝑘=1

𝑄

𝐻𝑘 𝑢, 𝑣 𝐻−𝑘 𝑢, 𝑣

✓ where 𝐻𝑘 𝑢, 𝑣 and 𝐻−𝑘 𝑢, 𝑣 are highpass filter transfer functions whose centers are at 𝑢𝑘 , 𝑣𝑘 and 𝑢−𝑘 , 𝑣−𝑘
respectively. 

✓ These centers are specified with respect to the center of the frequency rectangle, 𝑀/2,𝑁/2 , where, as usual, 𝑀
and 𝑁 are the number of rows and columns in the input image.

✓ Thus, the distance computations for each filter transfer function are given by

𝐷𝑘 𝑢, 𝑣 = 𝑢 − Τ𝑀 2 − 𝑢𝑘
2 + 𝑣 − Τ𝑁 2 − 𝑣𝑘

2

✓ and

𝐷−𝑘 𝑢, 𝑣 = 𝑢 − Τ𝑀 2 + 𝑢𝑘
2 + 𝑣 − Τ𝑁 2 + 𝑣𝑘

2
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Notch Filters
✓ For example, the following is a Butterworth notch reject filter transfer function of order n, containing 𝑄 notch 

pairs:

𝐻𝑁𝑅 𝑢, 𝑣 =ෑ

𝑘=1

𝑄
1

1 + Τ𝐷0𝑘 𝐷𝑘 𝑢, 𝑣 2𝑛

1

1 + Τ𝐷0𝑘 𝐷−𝑘 𝑢, 𝑣 2𝑛

✓ The constant 𝐷0𝑘 is the same for each pair of notches, but it can be different for different pairs. 

✓ Other notch reject filter functions are constructed in the same manner, depending on the highpass filter function 
chosen.

✓ As with the filters discussed earlier, a notch pass filter transfer function is obtained from a notch reject function 
using the expression

𝐻𝑁𝑃 𝑢, 𝑣 = 1 − 𝐻𝑁𝑅 𝑢, 𝑣

✓ As the next example will show, one of the principal applications of notch filtering is for selectively modifying local 
regions of the DFT. 

✓ Often, this type of processing is done interactively, working directly with DFTs obtained without padding.

✓ The advantages of working interactively with actual DFTs (as opposed to having to “translate” from padded to 
actual frequency values) generally outweigh any wraparound errors that may result from not using padding in the 
filtering process. 
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✓ Example 21: Below figure shows what happens when a newspaper image is sampled at low spatial resolution such as 
75 dpi. 

clc;clear;close all;

f=imread('car_75DPI_Moire.tif');

figure,imshow(f)

title('Original image',...

'FontSize',12,'FontName','Comic Sans MS')

✓ The sampling lattice (which is oriented vertically and horizontally) and dot 
patterns on the newspaper image (oriented at ±45°) interact to create a uniform 
moiré-like pattern that makes the image look blotchy. 
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✓ Example 21 (Cont.): The spectrum of the image is shown below:

[M,N]=size(f);

u=0:M-1; v=0:N-1;

[v,u]=meshgrid(v,u);% MxN (u,v) meshgrid planes (no padding)

[x,y]=deal(u,v); % (x,y)=(u,v) (Multiple assignment)

f=double(f);

F=fft2((-1).^(x+y).*f);% Centered spectrum of original image

F_logged=log10(1+abs(F));

F_logged_img=func_cont_strch(F_logged,0,255);

figure,imshow(uint8(F_logged_img))

title('Spectrum','FontSize',12,'FontName','Comic Sans MS')

✓ The Fourier transform of a pure sine, which is a periodic function, is a pair of
conjugate symmetric impulses.

✓ The symmetric “impulse-like” bursts in the figure are a result of the near 
periodicity of the moiré pattern. 

✓ We can attenuate these bursts by using notch filtering.



EE454 – Digital Image Processing
Dr. Adem Ükte

13

✓ Example 21 (Cont.): In order to determine the locations of “impulse-like” bursts (centers 𝑢𝑘 , 𝑣𝑘 and
diameters 𝐷0𝑘 of the reject regions), let’s examine the spectrum image using imtool function of Matlab.

Center of the first notch location for 𝐻1:
45,55 = Τ𝑀 2 − 𝑢1, Τ𝑁 2 − 𝑣1 = 123 − 𝑢1, 84 − 𝑣1

𝑢1 = 78 and 𝑣1 = 29

Symmetric center of the first notch location for 𝐻−1:
Τ𝑀 2 + 𝑢1, Τ𝑁 2 + 𝑣1 = 123 + 78,84 + 29

= 201,113

Center of the second notch location for 𝐻2:
86,55 = Τ𝑀 2 − 𝑢2, Τ𝑁 2 − 𝑣2 = 123 − 𝑢2, 84 − 𝑣2

𝑢2 = 37 and 𝑣2 = 29

imtool(uint8(F_logged_img))

Symmetric center of the second notch location for 𝐻−2:
Τ𝑀 2 + 𝑢2, Τ𝑁 2 + 𝑣2 = 123 + 37,84 + 29

= 160,113

Center of the third notch location for 𝐻3:
166,58 = Τ𝑀 2 − 𝑢3, Τ𝑁 2 − 𝑣3 = 123 − 𝑢3, 84 − 𝑣3

𝑢3 = −43 and 𝑣3 = 26

Symmetric center of the third notch location for 𝐻−3:
Τ𝑀 2 + 𝑢3, Τ𝑁 2 + 𝑣3 = 123 − 43,84 + 26

= 80,110

Center of the fourth notch location for 𝐻4:
207,58 = Τ𝑀 2 − 𝑢4, Τ𝑁 2 − 𝑣4 = 123 − 𝑢4, 84 − 𝑣4

𝑢4 = −84 and 𝑣4 = 26

Symmetric center of the fourth notch location for 𝐻−4:
Τ𝑀 2 + 𝑢4, Τ𝑁 2 + 𝑣4 = 123 − 84,84 + 26

= 39,110
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✓ Example 21 (Cont.):

𝐷01 = 9 pixels

𝐷02 = 14 pixels

𝐷03 = 14 pixels

𝐷04 = 9 pixels
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✓ Example 21 (Cont.): Below figure shows the result of multiplying the DFT of image by a Butterworth notch reject
transfer function with previously determined 𝐷0𝑘 values and n = 4 for all notch pairs (the centers of the notches are 
coincided with the centers of the black circular regions in the figure). 

[u1,v1]=deal(78,29);

[u2,v2]=deal(37,29);

[u3,v3]=deal(-43,26);

[u4,v4]=deal(-84,26);

[D01,D02,D03,D04]=deal(9,14,14,9);

D_1=sqrt((u-M/2-u1).^2+(v-N/2-v1).^2);

D_m1=sqrt((u-M/2+u1).^2+(v-N/2+v1).^2);

D_2=sqrt((u-M/2-u2).^2+(v-N/2-v2).^2);

D_m2=sqrt((u-M/2+u2).^2+(v-N/2+v2).^2);

D_3=sqrt((u-M/2-u3).^2+(v-N/2-v3).^2);

D_m3=sqrt((u-M/2+u3).^2+(v-N/2+v3).^2);

D_4=sqrt((u-M/2-u4).^2+(v-N/2-v4).^2);

D_m4=sqrt((u-M/2+u4).^2+(v-N/2+v4).^2);

n=4;

H_1=1./(1+(D01./D_1).^(2*n));

H_m1=1./(1+(D01./D_m1).^(2*n));

H_2=1./(1+(D02./D_2).^(2*n));

H_m2=1./(1+(D02./D_m2).^(2*n));

H_3=1./(1+(D03./D_3).^(2*n));

H_m3=1./(1+(D03./D_m3).^(2*n));

H_4=1./(1+(D04./D_4).^(2*n));

H_m4=1./(1+(D04./D_m4).^(2*n));

H_NR=H_1.*H_m1.*H_2.*H_m2.* H_3.*H_m3.*H_4.*H_m4;

G=F.*H_NR;

G_logged=log10(1+abs(G));

G_logged_img=func_cont_strch(G_logged,0,255);

figure,imshow(uint8(G_logged_img))

title('F(u,v)H_{NR}(u,v) Spectrum',...

'FontSize',12,'FontName','Comic Sans MS')

𝐷𝑘 𝑢, 𝑣 = 𝑢 − Τ𝑀 2 − 𝑢𝑘
2 + 𝑣 − Τ𝑁 2 − 𝑣𝑘

2

𝐷−𝑘 𝑢, 𝑣 = 𝑢 − Τ𝑀 2 + 𝑢𝑘
2 + 𝑣 − Τ𝑁 2 + 𝑣𝑘

2

𝐻𝑘 𝑢, 𝑣 =
1

1 + Τ𝐷0𝑘 𝐷𝑘 𝑢, 𝑣 2𝑛

𝐻−𝑘 𝑢, 𝑣 =
1

1 + Τ𝐷0𝑘 𝐷−𝑘 𝑢, 𝑣 2𝑛

𝐻𝑁𝑅 𝑢, 𝑣 =ෑ

𝑘=1

𝑄

𝐻𝑘 𝑢, 𝑣 𝐻−𝑘 𝑢, 𝑣

𝐺 𝑢, 𝑣 = 𝐹 𝑢, 𝑣 𝐻𝑁𝑅 𝑢, 𝑣

✓ The value of the radius was selected (by visual inspection of the spectrum) to encompass the energy bursts 
completely, and the value of n was selected to produce notches with sharp transitions. 
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✓ Example 21 (Cont.): Below figure shows the result obtained using the notch filtering procedure.

g=(-1).^(x+y).*real(ifft2(G));

figure,subplot(221),imshow(uint8(f))

title('Original image','FontSize',12,'FontName','Comic Sans MS')

subplot(222),imshow(uint8(F_logged_img))

title('F(u,v) Spectrum','FontSize',12,'FontName','Comic Sans MS')

subplot(223),imshow(uint8(G_logged_img))

title('F(u,v)H_{NR}(u,v) Spectrum','FontSize',12,'FontName','Comic Sans MS')

subplot(224),imshow(uint8(g))

title('Filtered image','FontSize',12,'FontName','Comic Sans MS')

✓ The improvement is significant, considering the low resolution and degree of 
degradation of the original image.
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