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Gaussian Lowpass Filters
• Gaussian lowpass filter (GLPF) transfer functions have the form

𝐻 𝑢, 𝑣 = 𝑒
−
𝐷2 𝑢,𝑣
2𝜎2

• where 𝐷 𝑢, 𝑣 is the distance between a point 𝑢, 𝑣 in the frequency domain and the center of the 𝑃 × 𝑄
frequency rectangle; that is, 

𝐷 𝑢, 𝑣 = 𝑢 −
𝑃

2

2

+ 𝑣 −
𝑄

2

2

• 𝜎 is a measure of spread about the center. By letting 𝜎 = 𝐷0, we can express the Gaussian transfer function 
in the same notation as other functions:

𝐻 𝑢, 𝑣 = 𝑒
−
𝐷2 𝑢,𝑣

2𝐷0
2

• where 𝐷0 is the cutoff frequency. 

• When 𝐷 𝑢, 𝑣 = 𝐷0 the GLPF transfer function is down to 0.607 of its maximum value of 1.0.
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Gaussian Lowpass Filters

A perspective plot, image display, and radial cross sections of a GLPF transfer function
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Butterworth Lowpass Filters
• The transfer function of a Butterworth lowpass filter (BLPF) of order 𝑛, with cutoff frequency at a 

distance 𝐷0 from the center of the frequency rectangle, is defined as

𝐻 𝑢, 𝑣 =
1

1 +
𝐷 𝑢, 𝑣
𝐷0

2𝑛

• where 𝐷 𝑢, 𝑣 is the distance between a point 𝑢, 𝑣 in the frequency domain and the center of the 𝑃 × 𝑄
frequency rectangle as given before.

A perspective plot, image display, and radial cross sections of a 
BLPF transfer function

• BLPF function can be controlled to
approach the characteristics of 
the ILPF using higher values of n, 
and the GLPF for lower values of 
n, while providing a smooth 
transition in from low to high 
frequencies. 
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Image Sharpening Using Highpass Filters
• It is shown in the previous section that an image can be smoothed by attenuating the high-frequency 

components of its Fourier transform.

• Because edges and other abrupt changes in intensities are associated with high-frequency components, 
image sharpening can be achieved in the frequency domain by highpass filtering, which attenuates low-
frequencies components without disturbing high-frequencies in the Fourier transform.

• All filtering in this section is based on the procedure outlined in previous section, so all images are assumed 
be padded to size 𝑃 × 𝑄, and filter transfer functions, 𝐻 𝑢, 𝑣 , are understood to be centered, discrete 
functions of size 𝑃 × 𝑄.

Ideal, Gaussian, and Butterworth Highpass Filters 
from Lowpass Filters

• As was the case with kernels in the spatial domain, subtracting a lowpass filter transfer function from 1 
yields the corresponding highpass filter transfer function in the frequency domain:

𝐻HP 𝑢, 𝑣 = 1 − 𝐻LP 𝑢, 𝑣

• where 𝐻LP 𝑢, 𝑣 is the transfer function of a lowpass filter.

• Thus, transfer functions of the Ideal, Gaussian, and Butterworth highpass filters are given below:
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Ideal, Gaussian, and Butterworth Highpass Filters 
from Lowpass Filters

Top row: Perspective plot, image, and radial
cross section of an IHPF transfer function. 
Middle and bottom rows: The same
sequence for GHPF and BHPF transfer 
functions. (The thin image borders were
added for clarity. They are not part of the 
data.)
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• Example 18: The figure below shows the results of filtering the test pattern image using IHPF transfer 
functions with cutoff frequencies (D0) 10% and 25% of the row length.

• Highpass filtering produces images with negative values. The result images below are not scaled, so the negative 
values are clipped by the display at 0 (black).

• The key objective of highpass filtering is to sharpen. Also, because the highpass filters used here set the DC 
term to zero, the images have essentially no tonality
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• Example 18 (Cont.):

clc;clear;close all;

f=imread('characters_test_pattern.tif');

[M,N]=size(f);

P=2*M; Q=2*N;

u=0:P-1; v=0:Q-1;

[v,u]=meshgrid(v,u);

D=sqrt((u-P/2).^2+(v-Q/2).^2);

figure,subplot(131),imshow(uint8(f))

title('Original image','FontSize',10,...

'FontName','Comic Sans MS')

k=2; % Counter for subplot portions

for D0=M*[0.10,0.25]

H=zeros(P,Q); H(D>D0)=1; % Creating the IHPF Transfer Function

g=func_freq_filt(f,H); % Obtaining IHP filtered image

subplot(1,3,k),imshow(uint8(g))

title(['IHPF''ed image for D_0=',num2str(round(D0)),' pixels (',num2str(D0/M),'M)'],...

'FontSize',10,'FontName','Comic Sans MS’)

k=k+1; % Increase counter for subplot portions

end

𝐷 𝑢, 𝑣 = 𝑢 −
𝑃

2

2

+ 𝑣 −
𝑄

2

2

𝐻 𝑢, 𝑣 = ቊ
0 ; if 𝐷 𝑢, 𝑣 ≤ 𝐷0
1 ; if 𝐷 𝑢, 𝑣 > 𝐷0
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Highboost Filtering in Frequency Domain
• Remember that highboost filter amplifies high-frequency components, and also partially repairs low-

frequency components lost as a result of high-pass filtering.

• Remember from Eq. (7) and Eq. (9) that, impulse response function of the highboost filter in spatial domain 
was,

ℎ𝐻𝐵𝐹 𝑥, 𝑦 = 𝑎 − 𝑏 𝛿 𝑥, 𝑦 + 𝑏ℎ𝐻𝑃𝐹 𝑥, 𝑦

• By taking the Fourier transform of both sides, we can express above equation entirely in terms of 
frequency domain computations:

𝐻𝐻𝐵𝐹 𝑢, 𝑣 = 𝑎 − 𝑏 + 𝑏𝐻𝐻𝑃𝐹 𝑢, 𝑣

• By rearranging the coefficients as k1 = 𝑎 − 𝑏 and 𝑘2 = 𝑏:

𝐻𝐻𝐵𝐹 𝑢, 𝑣 = 𝑘1 + 𝑘2𝐻𝐻𝑃𝐹 𝑢, 𝑣

• 𝐻𝐻𝐵𝐹 𝑢, 𝑣 is highboost filter transfer function, and 𝐻𝐻𝑃𝐹 𝑢, 𝑣 is high-pass filter transfer function.

• 𝑘1 ≥ 0 offsets the value the transfer function so as not to zero-out (not to suppress completely) the dc 
term, and 𝑘2 > 0 controls the contribution of high frequencies.
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• Example 19: Figure below shows a chest X-ray image with a narrow range of intensity levels. 

clc;clear;close all;

f=imread('chest_xray.tif');

figure,imshow(f)

title('Original chest X-ray image',...

'FontSize',10,'FontName','Comic Sans MS')

• The objective of this example is to enhance the image using 
highboost filtering. 

• X-rays cannot be focused, in the same manner that optical lenses 
can, and the resulting images generally tend to be slightly blurred. 
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• Example 19 (Cont.): We will use a Gaussian highpass filter transfer function, while obtaining the highboost 
filter transfer function. 

• The value chosen for 𝐷0 should provide enough filtering to sharpen boundaries while at the same time not over-
sharpening extremely small details (such as noise).

• 𝐷0 = 60 pixel, approximately 10% of the long image dimension, is chosen.

• Below figure is the result of highpass filtering the original image (scaled in [0,255] range).

[M,N]=size(f);

P=2*M; Q=2*N;

u=0:P-1; v=0:Q-1;

[v,u]=meshgrid(v,u);

D=sqrt((u-P/2).^2+(v-Q/2).^2);

D0=0.1*N;

H_GHPF=1-exp(-D.^2/(2*D0^2)); % Creating the GHPF 

Transfer Function

g_GHPF=func_freq_filt(double(f),H_GHPF); % Obtaining 

GHP filtered image

g_GHPF=func_cont_strch(g_GHPF,0,255); % Scaling

figure,imshow(uint8(g_GHPF)),title('GHPF''ed', ...

'FontSize',10,'FontName','Comic Sans MS')

𝐷 𝑢, 𝑣 = 𝑢 −
𝑃

2

2

+ 𝑣 −
𝑄

2

2

𝐻 𝑢, 𝑣 = 1 − 𝑒
−
𝐷2 𝑢,𝑣

2𝐷0
2

• As expected, the image is rather featureless, but the important boundaries (e.g., the edges of the ribs) are
clearly delineated. 
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• Example 19 (Cont.): Below figure shows the advantage of highboost filtering (coefficients are selected as 
𝑘1 = 0.5 and 𝑘2 = 0.75.

• Although the image is still dark, the gray-level tonality has been 
restored, with the added advantage of sharper features.

k1=0.5; k2=0.75; 

H_HBF=k1+k2*H_GHPF;

g_HBF=func_freq_filt(double(f),H_HBF); % Obtaining 

IHP filtered image

g_HBF=func_cont_strch(g_HBF,0,255);

figure,imshow(uint8(g_HBF))

title('HBF''ed','FontSize',10, ... 

'FontName','Comic Sans MS')

𝐻𝐻𝐵𝐹 𝑢, 𝑣 = 𝑘1 + 𝑘2𝐻𝐻𝑃𝐹 𝑢, 𝑣

• Because the intensities in this image are biased toward the dark end of the gray scale, we also take this opportunity 
to give an example of how spatial domain processing can be used to complement frequency-domain filtering.

• As we discussed in previous sections, an image characterized by intensity levels in a narrow range of the gray scale 
is an ideal candidate for histogram equalization.
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• Example 19 (Cont.): As below figure shows, this was indeed an appropriate method to further enhance the 
image.

• Note the clarity of the bone structure and other details that 
simply are not visible in any of the other three images. 

• The final enhanced image is a little noisy, but this is typical of X-
ray images when their gray scale is expanded. 

• The result obtained using a combination of highboost filtering and 
histogram equalization is superior to the result that would be 
obtained by using either method alone.

g_HBF_HE=func_hist_eq(uint8(g_HBF));

figure,imshow(uint8(g_HBF_HE))

title('HBF‘’ed and Hist.Eq.ed','FontSize',10, ... 

'FontName','Comic Sans MS')
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• Example 19 (Cont.): All images can be seen together below:
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